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External bonding of FRP plates or sheets has emerged as a popular method for strengthening reinforced concrete struc-
tures. Debonding along the FRP–concrete interface can lead to premature failure of the structures. In this study, the FRP–
concrete interface debonding induced by a ﬂexural–shear crack is analyzed using a nonlinear fracture mechanics approach.
A bilinear bond-slip model is used to simulate the shear traction-separation law of the FRP–concrete interface; while the
normal traction-separation law of the interface is approximated by a triangular model. Closed-form solutions of interfacial
stresses, the axial force of the FRP plate are obtained for the whole debonding process and veriﬁed with numerical analysis
using ﬁnite element analysis. The peeling eﬀect induced by the ﬂexural–shear crack is accounted for and its eﬀect on the
interface debonding is examined in detail in this study. Parametric studies are conducted to provide a better understanding
of the mode-dependent debonding process induced by the ﬂexural–shear crack. The present model provides a uniﬁed
description of the debonding initiation and propagation, which can be used to analyze mixed-mode debonding of the
FRP–concrete interface eﬃciently and eﬀectively.
 2008 Elsevier Ltd. All rights reserved.
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External bonding of FRP plates or sheets has emerged as a popular method for strengthening conventional
materials such as reinforced concrete. The interface between the FRP plate and the concrete substrate plays a
critical role in this strengthening method by providing eﬀective stress transfer from the existing structures to
externally bonded FRP plates or sheets and keeping integrity and durability of the composite performance of
FRP–concrete hybrid structures. Debonding along the FRP–concrete interface can lead to premature failure
of the structure. For simplicity, the FRP–concrete interface refers to the adhesive layer and a thin layer0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2008.01.004
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occurs (Yuan et al., 2004). With this particular deﬁnition of the FRP–concrete interface, the debonding can
be treated as occurring along the interface (Wang, 2006a).
Three diﬀerent approaches have been adopted in the literature to study the strength of the FRP–concrete
interface, i.e., (a) strength of materials method, (b) linear elastic fracture mechanics (LEFM) method, and (c)
nonlinear fracture mechanics method. Strength of materials method was used ﬁrst to study the FRP–concrete
interface debonding (Roberts and Haji-Kazemi, 1989; Malek et al., 1998; Smith and Teng, 2001) due to its
simplicity. These solutions mainly adopt the classical solutions of adhesively bonded joint in which the adhe-
sive layer is essentially modeled as a two-parameter elastic foundation. Closed-form solutions of interface
shear and normal stresses can be obtained in this model. Debonding occurs if the calculated interfacial stresses
reach the strength of the interface. However, this model cannot satisfy the zero shear stress boundary condi-
tion because a ‘‘degree-of-freedom” of the adhesive layer is ignored in the two-parameter elastic foundation
model. To overcome this diﬃculty, Rabinovitch and Frostig (2000) proposed a high-order closed-form solu-
tion in which the adhesive layer is modeled as a continuum medium. Recently, Wang (in preparation)
extended the two-parameter elastic foundation model to three-parameter elastic foundation model by intro-
ducing a third parameter, which is missed in the classical two-parameter model. Thus, the new model can sat-
isfy all the boundary conditions and predict two diﬀerent normal stress distributions along the FRP–adhesive
interface and adhesive–concrete interface. The major drawback of the strength of material method is the indef-
inite magnitudes of the maximum interfacial stresses at the end of the FRP plate due to the stress singularity,
which limits the practical application of this method.
To account for the stress singularity, linear elastic fracture mechanics (LEFM) has been adopted by many
researchers recently both in theoretical analyses and experimental studies. Rabinovitch and Frostig (2001)
obtained the energy release rate at the debonding tip by using a high-order beam theory. To obtain closed-
form expressions of the energy release rate and the phase angle of the FRP–conventional material interface
fracture, Wang and Qiao (2004, 2005) improved the Suo and Hutchinson’s (1990) interface fracture solutions
through accounting for the transverse shear deformation eﬀect on the energy release rate and mode mixity of
the interface fracture. By expanding Suo and Hutchinson’s (1990) solution, Au and Bu¨yu¨ko¨ztu¨rk (2006)
derived the expressions of the energy release rate at the debonding tip by considering a tri-layer model. As
a direct implementation of Suo and Hutchinson’s (1990) solution, Au and Bu¨yu¨ko¨ztu¨rk (2006) model ignored
the shear force eﬀect. The phase angle of the fracture was not provided in their study, either.
Diﬀerent experimental methods have been also proposed and conducted to measure the fracture toughness
of the FRP–concrete interface. A modiﬁed shear test is used by Karbhari and Engineer (1996) to measure the
mixed-mode interface fracture energy between the FRP plate and the concrete substrate. Modiﬁed double can-
tilever specimen was used by Giurgiutiu et al. (2001), Lyons et al. (2002), and Wan et al. (2004). Qiao and Xu
(2004) used a three-point bending specimen to measure the mode I fracture energy of the FRP–concrete inter-
face. Diﬀerent fracture toughness values were obtained by diﬀerent methods. This may be attributed to the
fact that mode mixity of each test aforementioned is diﬀerent. As illustrated clearly by Suo and Hutchinson
(1990), all the interface fractures in nature are mixed-mode. Due to stress oscillations, it is diﬃcult to obtain
the mode mixity of the FRP–concrete interface debonding if LEFM is used.
Available test data also show that, even the same test method used, the measured fracture toughness varies
with the length of debonding (Lyons et al., 2002). Such a phenomenon shows a very similar feature as R-curve
which is caused by the nonlinear stress–deformation relationship of the FRP–concrete interface. Recent stud-
ies show a trend that nonlinear fracture mechanics have gained more popularity and been adopted by more
and more researchers. Nonlinear fracture mechanics approach (Triantaﬁllou and Plevris, 1992; Taljsten, 1996,
1997; Yuan et al., 2001; Wu et al., 2002; Yuan et al., 2004; Wang, 2006a,b, 2007a,b) can avoid the diﬃculties
arisen in LEFM. Here, nonlinear fracture mechanics refers to using a nonlinear traction-separation law, rather
than the linear one assumed in the LEFM, to describe the stress–deformation behavior of the FRP–concrete
interface. The application of a nonlinear traction-separation law is supported by signiﬁcant experimental evi-
dences obtained in the last decade (Chajes et al., 1995, 1996; Bizindavyi and Neale, 1999; Dai et al., 2005; Yao
et al., 2005). The shear traction-separation law of the FRP–concrete interface is generally referred to as bond
stress–slip law in the literature. Generally, this nonlinear relationship consists of two stages: an initially elastic
stage in which the interfacial stress increases with the slip until it reaches a maximum value, and a softening
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using J-integral method as suggested recently by Wang (2007a). It should be pointed out that by using a non-
linear bond stress–slip law in the analytical model, the debonding process is essentially approached through a
cohesive zone model (CZM).
All the nonlinear fracture models aforementioned are for the debonding of the FRP–concrete interface
under mode II loading (Chajes et al., 1995, 1996; Ziraba et al., 1995; Bizindavyi and Neale, 1997, 1999; Talj-
sten, 1997; Yuan et al., 2004; Yao et al., 2005; Dai et al., 2005; Wang, 2006b, 2007a). This pure mode II deb-
onding can only be induced at the location of ﬂexural crack in concrete beams. At the plate end and the
location of shear and ﬂexural–shear concrete crack, as demonstrated by analytical solutions (Roberts and
Haji-Kazemi, 1989; Malek et al., 1998; Jones et al., 1988), both the shear and peel stress (mixed-mode) con-
centrations exist along the interface. Therefore, neglecting the peeling stress leads to discrepancy on the frac-
ture parameters measured by diﬀerent specimens (Chen and Teng, 2001).
Intermediate crack induced debonding (IC debonding) is an ongoing research topic which attracts many
researchers (Wu et al., 1997; Sebastian, 2001; Teng et al., 2003; Wang, 2006a,b; Liu et al., 2007; Smith and
Gravina, 2007; Lu et al., 2007). By using a bilinear shear stress–slip law, Wang (2006a,b) established a cohesive
zone model for ﬂexural crack induced debonding. This model uniﬁes the debonding initiation and propagation
into one model and interface stresses can be obtained in closed-form. Wang’s model is limited to one ﬂexural
crack. Recently, Liu et al. (2007) and Smith and Gravina (2007) modeled the IC debonding induced by multi-
ple ﬂexural cracks by using iteration approaches. All these studied are limited to ﬂexural crack in which the
debonding is in mode II. Very few studies have been conducted on ﬂexural–shear IC debonding because of its
nature of mixed-mode. Besides a displacement jump in the axial direction, a transverse displacement jump is
also induced by the ﬂexural–shear crack, which causes the interface under peeling and shear loading. Teng
et al. (2003) noted this and believed that the peeling eﬀect is a secondary factor in IC debonding. However,
no rigorous analysis has been provided to verify their arguments. Niu et al. (2006) presented a ﬁnite element
simulation of the diagonal-crack induced debonding of the FRP–concrete interface. Pan and Leung (2007)
conducted a series of experimental studies of the FRP–concrete interface debonding under pulling/peeling
eﬀects. Wang (2007b) developed a mixed-mode CZM for the debonding of a FRP–concrete adhesive joint.
By using this nonlinear fracture mechanics model, Wang (2007b) successfully simulate the mixed-mode deb-
onding tests conducted by Pan and Leung (2007). By using the cohesive zone model, a uniﬁed description of
the debonding initiation and progression can be developed, which is not possible by LEFM approach. The
mode mixity of the debonding, which is diﬃcult to obtain in the LEFM, can also be retrieved naturally. This
nonlinear fracture mechanics approach is used in this study to mixed-mode interface debonding induced by a
ﬂexural–shear crack. Due to the diﬃculties in conducting mixed-mode debonding tests, the analytical results
of this study provides valuable insights into the behavior of the ﬂexural–shear IC debonding.
The paper is arranged as follows. In Section 2, an FRP strengthened reinforced concrete beam with a ﬂex-
ural–shear crack is modeled as two beams connected through the FRP–concrete interface. Closed-form solu-
tions of the interface stresses and FRP force are obtained in this section. In Section 3, as veriﬁcations, the
closed-form solutions obtained in Section 2 are compared with numerical solution by using ﬁnite element anal-
ysis. In Section 4, parametric studies are conducted to shed new light on the ﬂexural–shear IC debonding.
Major ﬁndings of this study are summarized in Section 5.
2. Mixed-mode CZM of the ﬂexural–shear IC debonding
2.1. Bi-beam system
Consider a simply supported reinforced concrete beam (RC beam) externally strengthened by an FRP
plate, as shown in Fig. 1(a). To simplify the analysis, only a ﬂexural/shear crack existing at a random location
of the RC beam is considered (to the left side of the midspan in this study). In this study, only the FRP–con-
crete interface debonding is examined. Therefore, both the RC beam and FRP plate are modeled as linear elas-
tic Euler–Bernoulli’s beams (beam 1 and 2 in Fig. 2). This approach is widely used in debonding analysis by
many researchers (Roberts and Haji-Kazemi, 1989; Malek et al., 1998; Smith and Teng, 2001; Rasheed and
Pervaiz, 2002). Then, the constitutive laws for these two beams can be written as:
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Fig. 1. Flexural–shear crack induced debonding of an FRP strengthened RC beam.
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Fig. 2. Free body diagram for equilibrium equation.
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where Ni andMi are axial forces and bending moments of beam i(i = 1,2), respectively; ui and wi are the axial
and vertical displacements of beam i(i = 1,2), respectively; Ci and Di are axial and bending stiﬀnesses of beam
i(i = 1,2), respectively; and Ci = Eibihi, Di = EiIi; Ei is the Young’s modulus of beam i(i = 1,2); bi and hi are
width and height of beam i(i = 1,2); Ii is the moment of inertia of beam i.
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dx ¼ b2s
dQ1
dx ¼ b2r
dM1
dx ¼ Q1 þ Y 1b2s
8><
>: ;
dN2
dx ¼ b2s
dQ2
dx ¼ b2r
dM2
dx ¼ Q2 þ Y 2b2s
8><
>: ð2ÞThe overall equilibrium requires (Fig. 2)N 1 þ N 2 ¼ NT; Q1 þ Q2 ¼ QT; M1 þM2  N 1ðY 1 þ Y 2Þ ¼ MT ð3Þwhere NT, QT, andMT are the resulting forces with respect to the neutral axis of the FRP plate. s and r are the
interfacial shear and normal stress, respectively. Y1 and Y2 are the distances from the bottom of beam 1 and
the top of beam 2 to their respective neutral axis. By using the coordinate system shown in Fig. 1, we can write
the separations of the interface in open and shear directions as:dn ¼ w2  w1 ð4Þ
dt ¼ u1 þ Y 1ðw01Þ
  u2  Y 2ðw02Þ  ¼ u1  Y 1w01  u2  Y 2w02 ð5Þ2.2. Mixed-mode nonlinear bond stress–slip model
As shown in Fig. 1(a), beam 2 (FRP plate/sheet) is bonded to beam 1 (concrete) through the FRP–concrete
interface layer, which can be modeled as a large fracture processing zone with a nonlinear bond-slip law
(Wang, 2006a). Extensive studies have been conducted on characterization and modeling the shear (mode
II) stress-separation (bond stress–slip) law of the FRP–concrete interface. Various nonlinear bond-slip laws
have been proposed (Chajes et al., 1995, 1996; Taljsten, 1997; Wu and Yin, 2003; Yuan et al., 2004; Dai
et al., 2005; Wang, 2007a,b). In these nonlinear shear stress–slip models, the shear stress increases initially
as the bond slip grows. When the bond slip reaches certain value, the stress reaches its maximum and then
decreases with the slip of the interface. Among them, bilinear law is the most popular one for its simplicity
and good agreement with experiment observations (Yuan et al., 2004; Wang, 2006a,b), and therefore, is also
adopted in this study. As shown in Fig. 3(a), the bilinear bond stress–slip law consists of a linearly elastic
branch for bond slip less than a particular value d1, and a linearly decreasing branch until complete delami-
nation occurs. This law can be expressed by the following equation:s ¼
0 dt < df
 dfþdtdfd1 sf df 6 dt < d1
dt
d1
sf d1 6 dt < d1
dfdt
dfd1 sf d1 6 dt < df
0 df 6 dt
8>>>><
>>>>:
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Fig. 3. Traction-separation law used in this study: (a) shear traction-separation law; (b) normal traction-separation law.
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FRP–concrete interface. sf and df are the shear strength and the separation slip of the interface, respectively;
Kb = sf/d1 is the initial elastic stiﬀness of the FRP–concrete interface.
Very few studies have been conducted on characterizing the mode I traction-separation law of the FRP–
concrete interface (Qiao and Xu, 2004; Dai et al., 2005). Existing modeling studies (Niu et al., 2006; Pan
and Leung, 2007) used triangular model to approximate the open traction-separation law of the FRP–concrete
interface. This model is also adopted in this study to simplify formulation (Fig. 3(b)). In Fig. 3(b), rf and dnf
are the maximum normal stress and open displacement of the FRP–concrete interface, respectively. Bond-slip
law for normal stress simply reads:r ¼
dn
dnf
dn < dnf
0 dn P dnf
8<
: ð7ÞIt should be pointed out that it is an open question on how the shear and open behaviors of the FRP–con-
crete interface couple due to very little experimental study has been carried out. For this reason, a mode-inde-
pendent cohesive law is adopted in this study, which assumes the shear and opening traction-separation laws
of the FRP–concrete interface are unrelated. Such an assumption was also used by Niu et al. (2006) in their
ﬁnite element simulation.
The fracture energies of mode I and mode II of the interface, GI and GII, are given by the area below the
traction-separation curves in Fig. 3(a) and (b)GI ¼
Z dn
0
rðdnÞddn; GII ¼
Z dt
0
sðdtÞddt ð8ÞAnd total fracture energy GT of the interface readsGT ¼ GI þ GII ð9Þ
The mode mixity of the debonding can be described by the phase angle W, which is deﬁned bytanW ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GII=GI
p
ð10ÞA simple linear debonding criterion (Hutchinson and Suo, 1992) is used in this study,GI
GIC
þ GII
GIIC
¼ 1 ð11Þwhere GIC and GIIC are the mode I and II fracture toughness of the interface, respectively, given by the area
under the total traction-separation laws shown in Fig. 3. Full debonding occurs as soon as the fracture ener-
gies of mode I and II satisfy Eq. (11).
2.3. Spring model of ﬂexural–shear crack
Displacement discontinuities in axial and transverse directions at the bottom of the concrete beam, Du and
Dw shown in Fig. 4(a), can be induced by the opening and shearing of the ﬂexural–shear crack. To capture the
local ﬂexibilities induced by the crack, a rotational and a transverse spring with inﬁnitesimal thicknesses at the
location of the ﬂexural–shear crack is used, as shown in Fig. 4(b). The rotational spring stiﬀness Kr, and trans-
verse spring stiﬀness Kv, can be estimated by using linear elastic fracture mechanics approach (Paipetis and
Dimarogonas, 1968). For RC beam, however, it is diﬃcult to obtain an explicit expression for these two stiﬀ-
nesses. In such a case, a trial and error method proposed by Rabinovitch and Frostig (2001) is employed,
which has been shown eﬀective (Wang, 2006a,b). Then the local ﬂexibilities read:w01j0  w01j0þ ¼
1
Kr
M1jx¼0 ð12aÞ
w1j0þ  w1j0 ¼
1
Kv
Q1jx¼0 ð12bÞEq. (12b) represents the dowel eﬀect created in the FRP plate across the bass of the ﬂexural–shear crack.
Δu
Δw
Flexural-shear crack 
a b
Fig. 4. Spring model of the ﬂexural–shear crack.
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Under external load, interfacial stresses are developed along the FRP–concrete interface. In Fig. 1(a), the
whole FRP–concrete interface is divided into two portions by the ﬂexural–shear crack. For the convenience of
discussion, we refer to the portion of the interface to the left side of the crack as left interface and the other
portion as right interface. Considering the traction-separation law described in Eqs. (6) and (7), the debonding
process of the beam can be described by following diﬀerent stages. (1) Elastic–Elastic (E–E) stage (Fig. 1(b)):
due to the crack tip opening induced by the ﬂexural/shear crack, there exists a ﬁnite slip and an opening
between the FRP plate and the RC beam at the location of the crack. Stress concentrations are introduced
at the vicinity of the crack. In this stage, both the maximum interfacial shear stress s and normal stress are
lower than their maximums and fracture energy does not satisfy Eq. (11). Therefore, both the left and right
interfaces are in elastic stage. The interfacial shear stress distribution at this stage can be sketched as shown
in Fig. 1(b). (b) Elastic–Softening–Elastic (E–S–E) stage (Fig. 1(c)): if we increase the load, the maximum
interfacial shear stress of the left interface (which is larger than the maximum shear stress of the right (Wang,
2006b)) increases too and reaches shear strength sf while the maximum shear stress of the right interface is still
below sf. (c) Elastic–Softening–Softening–Elastic (E–S–S–E) stage (Fig. 1(d)): if load is increased further, part
of the right interface also enters softening zone. Therefore, four zones exist along the interface, as shown in
Fig. 1(d). (d) Elastic–Softening–Debonded–Softening–Elastic (E–S–D–S–E) stage (Fig. 1(e)): once Eq. (11)
is satisﬁed due to the increasing of load, full debonding initiates and grows along the interface. Noting that
the normal stress is tensile on the left interface and compressive on the right interface, full debonding only
occurs on the left interface, as shown in Fig. 1(e). (e) Softening–Debonded–Softening–Elastic (S–D–S–E) stage
(Fig. 1(f)): once the debonding propagates near to the left end of the FRP plate, the interfacial slip of the
whole left interface is greater than d1 and thus no elastic zone exists on this side, as shown in Fig. 1(f).
Due to the truncation of stress distribution at the end of plate, the axial force transferred to the FRP plate
through interface drops quickly in this stage with the development of debonding. As a result, the debonding
propagates quickly and unstably in this stage until the FRP plate is fully separated from the RC beam. It
should be pointed out that debonding only initiates and propagates along the left interface to the FRP plate
end for the case shown in Fig. 1(a). This is because that the normal stress along the left interface is tensile
which make considerable contribution to the debonding; while the normal stress along the right interface is
compressive which makes no contribution to debonding. The one-side propagation of the debonding has been
veriﬁed by many experimental studies (Garden et al., 1998; Rabinovitch and Frostig, 2003; Teng et al., 2003).
The debonding stages outlined above may be not unique. For example, if the normal stress along the left side
is very high due to the deﬂection jump caused by the ﬂexural–shear crack (Fig. 4(a)), Eq. (11) can be satisﬁed
even the maximum shear stress is still lower than sf. In such a case, an Elastic–Debonding stage of the left
interface comes after the elastic stage. With the propagation of the debonding, the deﬂection jump can be
accommodated more by the FRP plate and the contribution of the normal stress to the fracture energy reduces
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the debonding. As a result, an Elastic–Softening–Debonding stage is formed after the Elastic–Debonding
stage on the left interface.
To obtain the interface stresses and beam forces of the FRP strengthened RC beam shown in Fig. 1(a),
governing diﬀerential equations for three diﬀerent zones are needed, i.e., elastic zone, softening zone, and fully
debonded zone, as shown in Fig. 1. As demonstrated by Wang (2007b), the governing equation for the elastic
zone and softening zone can be derived as a sixth order diﬀerential equation by using an approach similar to
the two-parameter elastic foundation model of adhesively bonded joints (Wang, 2003). In this model, the nor-
mal and shear stresses are coupled, which complexes the solutions. To simplify the analysis, we adopt a widely
used assumption which states that the FRP plate and concrete beam have the same curvature (Smith and
Teng, 2001; Rasheed and Pervaiz, 2002), i.e.,w001 ¼ w002 ð13Þ
By using the above assumption, the shear stress and normal stress can be decoupled (Wang, 2006a,b, 2007b).
Consequently, we can derive the shear stresses ﬁrst, based on which, the normal stress can then be obtained.2.4.1. Shear stress along the interface
2.4.1.1. Elastic zone. By using the constitutive equation Eq. (1), equilibrium equation Eq. (2), interface com-
patibility Eq. (5), and bilinear law Eq. (6), the governing equation in this zone can be obtained as (Wang,
2006a,b):s00 ¼ sf
d1
1
C1
þ 1
C2
þ ðY 1 þ Y 2Þ
2
ðD1 þ D2Þ
 !
b2sþ sfd1
Y 1 þ Y 2
D1 þ D2M
0 ð14Þof which solution can be expressed as:s ¼ Dsþ sC ð15Þ
whereDs ¼ A1e
k1ðxþa1þd1Þ þ B1ek1ðxþa1þd1Þ x < a1  d1
A2ek1ðxa2Þ þ B2ek1ðxa2Þ x > a2
(
ð16aÞ
sC ¼ CsM 0 ð16bÞ
andk1 ¼ Ck
ﬃﬃﬃﬃ
sf
d1
r
; Ck ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2
1
C1
þ 1
C2
þ ðY 1 þ Y 2Þ
2
D1 þ D2
 !vuut ; Cs ¼ Y 1 þ Y 2ðD1 þ D2ÞC2k
where a1, and d1 are the softening zone size and debonded zone sizes of the left interface, respectively. a2 is the
softening zone size of the right interface. A1, A2, B1, and B2 are coeﬃcients to be determined by the boundary
and continuity conditions presented later. Eq. (15) suggests that interfacial shear stress consists of two parts:
(a) Ds which is the stress concentration induced by the interfacial slip, and (b) sC which is the particular solu-
tion of Eq. (15) and essentially is the interfacial shear stress if the interfacial slip is neglected (i.e., FRP–con-
crete system is assumed as a fully composite beam).
2.4.1.2. Softening zone. In this zone, the governing equation becomes (Wang, 2006b):s00 ¼ sf
df  d1
1
C1
þ 1
C2
þ ðY 1 þ Y 2Þ
2
D1 þ D2
 !
b2s sfdf  d1
Y 1 þ Y 2
D1 þ D2M
0 ð17ÞThe solution of Eq. (17) can be expressed by Eq. (15) with the Ds given by:
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C2 cosðk2ðx a2ÞÞ þ D2 sinðk2ðx a2ÞÞ x 6 a2

ð18Þwherek22 ¼
sf
df  d1
1
C1
þ 1
C2
þ ðY 1 þ Y 2Þ
2
D1 þ D2
 !
¼ d1
df  d1 k
2
1 ð19ÞCoeﬃcients C1, D1, C2, and D2 are to be determined by boundary and continuity conditions given later.
2.4.1.3. Fully debonded zone. Not contact between the FRP plate and RC beam, as shown in Fig. 5. Therefore,
the shear stress within this zone is zero, i.e.,s ¼ 0 ð20Þ2.4.1.4. Axial force of the FRP plate. The axial force of the FRP plate N2 is given by:N 2 ¼ 
Z x
L1
b2ðDsþ sCÞdx ¼ 
Z x
L1S1
b2sC dxþ
Z L1
L1S1
b2sC dx
Z x
L1
b2Dsdx ¼ N 2C þ DN 2 ð21aÞwhereN 2C ¼
Z x
¼L1S1
b2CsM 0 dx ¼ b2CsM ð21bÞ
DN 2 ¼ 
Z x
¼L1
b2Dsdx b2CsM jx¼L1 ð21cÞObviously, N2C is the composite beam part of the axial force of the FRP plate and can also be obtained by
treating FRP–concrete system as a fully composite beam. DN2 is the part of the FRP axial forces induced
by the bond slip and can be easily obtained by substituting shear stress solution into Eq. (21c). For the sake
of brevity, the detailed expression of DN2 is not presented here.
2.4.1.5. Boundary and continuity conditions. Assuming that the bond-length is suﬃcient large, the B1 term and
A2 term in Eq. (16a) can be neglected (Wang and Qiao, 2004). At the joint of the elastic and softening zone,
continuity conditions read:sjx¼a1d1 ¼sf sjx¼a1d1þ ¼sf ;s0jx¼a1d1þ ¼
d1
df d1 s
0jx¼a1d1;N 2jx¼a1d1 ¼N 2jx¼a1d1þ ð22aÞ
sjx¼a2þ ¼ sf ;sjx¼a2 ¼ sf ; s0jx¼a2 ¼
d1
df d1 s
0jx¼a2þ;N 2jx¼a2 ¼N 2jx¼a21þ ð22bÞAt the joint of softening zone and fully debonded zone, we have:N2 (0)
N1 (-d1)
N2 (-d1)
Q1 (0)
Q2 (0)
Q1 (-d1)
Q2 (-d1)
M1 (0)
M2 (0) 
M1 (-d1)
M2 (-d1)
N1 (0)
Fig. 5. Free body diagram of the debonded zone.
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At the location of the ﬂexural–shear crack, displacement continuity conditions require:u1jx¼0 ¼ u1jx¼0þ; u2jx¼0 ¼ u2jx¼0þ; w02jx¼0 ¼ w02jx¼0þ ð23aÞ
Therefore,djx¼0þ  djx¼0 ¼ Y 1ðw01jx¼0þ  w01jx¼0Þ ¼
Y 1
Kr
M1jx¼0 ð23bÞThe axial force of the FRP plate is also continuous at this location, i.e.,N 2jx¼0 ¼ N 2jx¼0þ ð23cÞ
Combining Eqs. (11) and (12b), the above boundary and continuity conditions can determine all the coeﬃ-
cients and a1, a2, and d1. The above solutions describe the E–S–D–S–E stage of the debonding (Fig. 1(e)).
For the other stages shown in Fig. 1, we only need to solve for the existing zones on the interface. For exam-
ple, for E-E stage, we only need to consider Eq. (16) and continuity condition at the location of crack Eq. (23).
The detailed analysis of each stage is not given here for the sake of brevity. More detailed information can be
obtained from Wang (2006b).2.4.2. Normal stress along the interface
2.4.2.1. Elastic and softening zone. As illustrated by Wang (2007b), the governing equation of the normal stress
in both elastic and softening zones can be given by:r
0000 þ Knb2 1D1 þ
1
D2
 
r ¼ Knb2 Y 1D1 
Y 2
D2
 
s0 ð24ÞThe interfacial normal stress is then obtained as:r ¼ ebxðE1i cosðbxÞ þ F 1i sinðbxÞÞ þ ebxðG1i cosðbxÞ þ H 1i sinðbxÞÞ þ r þ rC ð25Þ
whereb ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2Kn
4
1
D1
þ 1
D2
 
4
s
ð26Þwhere r* is the particular solution of Eq. (24) corresponding to the term of s and has diﬀerent expressions at
diﬀerent zones:r ¼
b2Kn
Y 1
D1
 Y 2D2
 	
b4 þ k41
Ds0 ðElastic zoneÞ ð27Þ
r ¼
b2Kn
Y 1
D1
 Y 2D2
 	
b4 þ k42
Ds0 ðSoftening zoneÞ ð28ÞCoeﬃcients E1i, G1i, G1i, and H1i for zone i in Eq. (25) are determined by boundary and continuity
conditions.
2.4.2.2. Debonded zone. In the debonded zone, the normal stress along the interface is zero. In order to obtain
the continuity conditions needed to determine coeﬃcients in the normal stress given by Eq. (25), the displace-
ments of the FRP plate and RC beam in the debonded zone are needed. As shown in Fig. 5, the deﬂection of
the RC beam can be written as:D1 d
2w1
dx2
¼ M1jx¼d1 þ Q1jx¼d1ðxþ d1Þ ð29Þ
2926 J. Wang, C. Zhang / International Journal of Solids and Structures 45 (2008) 2916–2936Integrating both sides of the deﬂection Eq. (29) twice from d1 to x, we can get the deﬂection of the concrete
beam as:w1 ¼ 
M1jx¼d1
D1
ðxþ d1Þ2
2
 Q1jx¼d1
D1
ðxþ d1Þ3
6
þ w1jx¼d1 þ w01jx¼d1ðxþ d1Þ ð30ÞNoting that the FRP plate is very thin, the geometrical nonlinearity should be taken into consideration in
deriving its deﬂection. As shown in Fig. 5, the governing equation for the FRP plate reads:D2 d
2w2
dx2
¼ ðM2jx¼d1Þ þ ðQ2jx¼d1Þðxþ d1Þ  N 2jx¼d1 w2  w2jx¼d1
 	
ð31ÞThenw2 ¼ c1 exp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
N 2jx¼d1
D2
s
x
0
@
1
Aþ c2 exp 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
N 2jx¼d1
D2
s
x
0
@
1
Aþ M2jx¼d1 þ Q2jx¼d1ðxþ d1Þ
N 2jx¼d1
þ w2jx¼d1
 !
ð32Þ
whereM1jx¼d1 ¼
D1
D1 þ D2 M jx¼d1  Y 1 þ Y 2ð ÞN 2jx¼d1
 	
M2jx¼d1 ¼
D2
D1 þ D2 M jx¼d1  Y 1 þ Y 2ð ÞN 2jx¼d1
 	
Q1jx¼d1 ¼
D1
D1 þ D2 M
0jx¼d1 þ b Y 1 þ Y 2ð Þsjx¼d1
 	
 Y 1bsjx¼d12.4.2.3. Boundary and continuity conditions. At the joint of elastic and softening zone at x = a1  d1, we
have:rjx¼ða1d1Þ  rjx¼ða1d1Þþ ¼ Knðw2  w1Þjx¼ða1d1Þ  Knðw2  w1Þjx¼ða1d1Þþ ¼ 0 ð33Þ
r0jx¼ða1d1Þ  r0jx¼ða1d1Þþ ¼ Knðw02  w01Þjx¼ða1d1Þ  Knðw02  w01Þjx¼ða1d1Þþ ¼ 0 ð34Þ
r00jx¼ða1d1Þ  r00jx¼ða1d1Þþ ¼ Knðw002  w001Þjx¼ða1d1Þ  Knðw002  w001Þjx¼ða1d1Þþ
¼ Kn M2D2 þ
M1
D1
 




x¼ða1d1Þ
 Kn M2D2 þ
M1
D1
 




x¼ða1d1Þþ
¼ 0 ð35Þ
r000jx¼ða1d1Þ  r000jx¼ða1d1Þþ ¼ Kn 
M 02
D2
þM
0
1
D1
 




x¼ða1d1Þ
Kn M
0
2
D2
þM
0
1
D1
 




x¼ða1d1Þþ
¼ Kn Q2 þ Y 2bsD2 þ
Q1 þ Y 1bs
D1
 




x¼ða1d1Þ
 Kn Q2 þ Y 2bsD2 þ
Q1 þ Y 1bs
D1
 




x¼ða1d1Þþ
¼ 0 ð36ÞSimilarly, at x = a2, we have:rjx¼a2  rjx¼a2þ ¼ 0 ð37Þ
r0jx¼a2  r0jx¼a2þ ¼ 0 ð38Þ
r00jx¼a2  r00jx¼a2þ ¼ 0 ð39Þ
r000jx¼a2  r000jx¼a2þ ¼ 0 ð40ÞAt the joint of softening zone and debonded zone x =  d1, continuity conditions read:
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rjx¼ðd1Þ
Kn
ð41Þ
ðw02  w01Þjx¼ðd1Þþ ¼ ðw02  w01Þjx¼ðd1Þ ¼
r0jx¼ðd1Þ
Kn
ð42Þ
ðw002  w001Þjx¼ðd1Þþ ¼ ðw002  w001Þjx¼ðdÞ1 ¼
r00jx¼ðd1Þ
Kn
ð43Þ
ðw0002  w0001 Þjx¼ðd1Þþ  b
Y
D2
 Y
D1

s
 




x¼ðd1Þ
¼ r
000jx¼ðd1Þ
Kn
ð44ÞAt the location of the crack, we have:ðw2  w1Þjx¼0 ¼ ðw2  w1Þjx¼0þ þ ðw1jx¼0þ  w1jx¼0Þ ¼
Q1jx¼0
Kv
þ rjx¼0þ
Kn
ð45Þ
ðw02  w01Þjx¼0 ¼ ðw02  w01Þjx¼0þ þ ðw01jx¼0þ  w01jx¼0Þ ¼ 
M1jx¼0
Kr
þ r
0jx¼0þ
Kn
ð46Þ
ðw002  w001Þjx¼0 ¼ ðw002  w001Þjx¼0þ 
M2
D2
þM1
D1
 




x¼0þ
þ M2
D2
þM1
D1
 




x¼0
¼ r
00jx¼0þ
Kn
ð47Þ
ðw0002  w0001 Þjx¼0 ¼ ðw0002  w0001 Þjx¼0þ 
Q2 þ Y 2bs
D2
þ Q1 þ Y 1bs
D1
 




x¼0þ
þ Q2
D2
þ Q1
D1
 




x¼0
¼ r
000jx¼0þ
Kn
 b Y
D1
 Y
D2
 
s





x¼0þ
ð48ÞAssuming the FRP plate bond length is long enough, E1i and F1i of the left elastic zone and G1i and H1i of the
right elastic zone can be chosen as zero. The rest coeﬃcients can be determined by the continuity conditions
Eqs. (37)–(48) and Eq. (11) for the E–S–D–S–E stage. For other stage, proper zones shown in Fig. 1 and con-
tinuity conditions given above should be chosen accordingly.
3. Numerical veriﬁcations
To demonstrate the validity of the closed-form solution proposed in this paper, ﬁnite element simulation is
conducted for a simply supported beam under three point bending load P shown in Fig. 7. As shown in this
ﬁgure, a ﬂexural–shear crack exists to the left of the midspan. The height of concrete beam h1 is 150 mm; width
b1 is 100 mm; and the Young’s modulus E1 is 25 GPa. The FRP plate is bonded to the lower surface of
concrete beam, whose height h2 is 0.11 mm, width b2 is 100 mm, and Young’s modulus E2 is 230 GPa.
The span of the beam is 1500 mm and the distance from the end of the plate to the end of the beam is
25 mm. The crack size and location are shown in Fig. 6. Bi-linear shear stress–slip model chosen
as Kb = 160 N/mm
2, GIIf = 0.5 N/mm, sf = 1.8 MPa. The normal stress-separation law chosen as:
Kt = 500 N/mm
2, GIf = 0.1 N/mm.P
Flexure shear crack 
Fig. 6. Simply supported FRP strengthened RC beam with a ﬂexural–shear crack.
2928 J. Wang, C. Zhang / International Journal of Solids and Structures 45 (2008) 2916–2936Commercial ﬁnite element software ANSYS is employed to verify the accuracy of the prediction of these
models. Eight nodes quadrilateral high order two-dimensional plane strain elements PLANE82 are used to
mesh the structure, as shown in Fig. 7. This element provides more accurate results than mixed automatic
meshes and tolerates irregular shapes without loss of too much accuracy. It has compatible displacement inter-
polation function and good curved boundary ﬁtting ability. This capacity enables us to mesh the model moreFig. 7. Finite element model for Fig. 6.
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Fig. 8. Stress distributions at diﬀerent debonding stages: (a) shear stress; (b) normal stress.
J. Wang, C. Zhang / International Journal of Solids and Structures 45 (2008) 2916–2936 2929adaptable and obtain more accurate results. As shown in Fig. 7, the vicinity of the ﬂexural–shear crack is ﬁnely
meshed. Nonlinear spring element COMBIN39 is used to model the traction-separation behavior of the inter-
face in both the transverse and axial directions, as illustrated in Fig. 7.
During the simulation, the concentrated load P is increased steadily so that the stress distributions along
the interface of diﬀerent stages can be obtained. Fig. 8 shows that good agreement with ﬁnite element analysis
has been achieved by the present closed-form solutions for both the shear and normal stresses, especially on
the left interface. The closed-form solution deviates from the FEA results slightly on the right interface. This is
caused by the approximation of the beam model itself. In the vicinity of the left side of the ﬂexural–shear
crack, the concrete beam has a wedge shape which can be captured exactly in ﬁnite element model. While
in the closed-form analytical solution, this wedge shape is ignored and still modeled as a rectangular beam.
This deviation is not critical to the debonding simulation because debonding only occurs along the left
interface.
Diﬀerent debonding stages can be easily identiﬁed from Fig. 8. Line 1 of Fig. 8(a) and (b) presents the inter-
facial shear and normal stress distribution along the FRP–concrete interface when P = 1.0 KN, respectively.
In this case, both the left and right interfaces are in elastic stage, and the whole interface is in E–E stage. It can
be observed that the normal stress is negative (compressive) along the right interface, while positive (tensile)
along the left interface. The compressive normal stress does not contribute to the interface debonding. There-
fore, the left interface is under mixed-mode loading; while the right interface is under pure mode II loading.
Considering that the debonding is most diﬃcult to occur under mode II loading, the ﬂexural–shear crack
induced debonding can only occur along the left interface for the case studied here.
If P is increased to a certain range, the maximum of the shear stress is higher than the shear strength. In this
case, the left interface enters Elastic–Softening stage (Wang, 2006b) while the right interface is still in elastic
stage. The whole interface enters E–S–E stage as demonstrated by Line 2 in Fig. 8 when P = 1950 N. Increas--3
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Fig. 9. Stress distributions at diﬀerent debonding stages for small crack length: (a) shear stress; (b) normal stress.
2930 J. Wang, C. Zhang / International Journal of Solids and Structures 45 (2008) 2916–2936ing the applied load further to P = 9000 KN, both the left and right interfaces enter Elastic–Softening stage as
shown by the Line 3 in Fig. 8. In this case, signiﬁcant softening zones are developed along both the left and
right interfaces, and the whole interface is in E–S–S–E stage. With the increase of load P, the energy release
rate of the left interface increases also. Once Eq. (11) is satisﬁed, full debonding initiates and grows along the
left interface, as demonstrated by Line 4 in Fig. 8. In this case, the applied load P = 24.4 KN. A fully debond-
ed zone of 5 mm is formed along the left interface. Unlike in the ﬂexural IC debonding, the shear stress at the
debonding tip is not zero as shown Fig. 8(a) because of the peeling eﬀect induced by the transverse displace-
ment at the location of the crack. It is interesting to see that the maximum normal stress in this stage is less
than that in E–S–S–E stage, even thought the applied load is much higher. This suggests that the right inter-
face undergoes unloading after full dobonding initiates. This is not surprising because more transverse dis-
placement jump induced by the ﬂexural–shear crack can be accommodated by longer debonded FRP plate.
Fig. 8(a) also shows that the softening zone size on the right interface still increases after debonding initiating
on the right interface. This is diﬀerent from the ﬂexural crack induced debonding, in which the right interface
actually experiences unloading after debonding occurs along the left interface (Wang, 2006b). This is because
the debonding along the left interface is in mixed-mode, not in mode II in the case of ﬂexural crack induced
debonding. Due to the contribution of mode I (peeling) loading, debonding initiates along the left interface
even though the maximum load transferring capacity of the interface has not been reached.
The accuracy of the current analytical models for ﬂexural–shear cracks with diﬀerent size and orientation
are examined in Figs. 9 and 10. In Fig. 9, the crack size under examined is 1/4 of the one shown in Fig. 7 with
all the other geometries the same as those used in Fig. 8. Fig. 9 shows that fairly good agreements between the
present solution and the FEA are reached for both the shear and normal interface stresses. Similar to Fig. 8,
four diﬀerent debonding stages are presented in Fig. 9. Due to the much smaller crack size, the applied load P-3
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Fig. 10. Stress distributions at diﬀerent debonding stages for a ﬂexural crack: (a) shear stress; (b) normal stress.
J. Wang, C. Zhang / International Journal of Solids and Structures 45 (2008) 2916–2936 2931needs to be much higher to initiate and drive the interface debonding in this case. For example, P = 4.7 KN
when the interface enters E–S–E stage and P = 61 KN when a 2 mm fully debonded zone is formed on the left
interface. In Fig. 10, the crack under considered is perpendicular to the axis of the concrete beam (i.e., ﬂexural
crack) with all the other geometries the same as shown in Fig. 6. Once again, very good agreements with FEA
results have been achieved by the present analytical solutions for both interface stresses. Four diﬀerent deb-
onding stages are presented in this ﬁgure. It can be found the both the shear and normal stresses near the deb-
onding tip are very low compared with their counterparts of the ﬂexural–shear cracks (Figs. 8 and 9). This
suggests that the ﬂexural crack induced debonding is mainly mode II controlled fracture process. It should
be pointed out the Fig. 10 is slightly diﬀerent from the solutions of ﬂexural-crack induced debonding (Wang,
2006b) because the doweling eﬀect of the FRP plate is considered in the present model (Eq. (12b)). Wang
(Wang, 2006b) established a CZM for ﬂexural crack induced debonding in which the dowel eﬀect of the
FRP plate was ignored to simplify the analysis. Fig. 10 shows that such a simpliﬁcation is reasonable. The
above numerical results conﬁrm that the present closed-form solution can be used with conﬁdence to simulate
ﬂexural-crack induced debonding.4. Parameter study and discussion
To shed more light on the ﬂexural–shear crack induced debonding, parametric studies are conducted in this
section. In the following calculation, all the data are the same as in the above section if not speciﬁed.
The debonding features varying with the growth of the fully debonded zone size d1 is shown in Fig. 11. As
shown in Fig. 11(a), the total fracture energy and its mode II component increase with d1; while the mode I
fracture energy decreases with d1. As a result, the phase angle of the debonding also varies with d1, increasing
from a smaller phase angle and approaching 90 (mode II) (Fig. 11(b)). This suggests that the peeling eﬀect0
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2932 J. Wang, C. Zhang / International Journal of Solids and Structures 45 (2008) 2916–2936induced by the crack is more signiﬁcant when the debonding zone size is small. However, this eﬀect decreases
with the propagation of debonding and becomes negligible when d1 is big enough. In that case, ﬂexural–shear
crack induced debonding can be treated approximately as pure mode II debonding. This phenomenon veriﬁes
the argument made by Teng et al. (2003). The trend of phase angle shown in Fig. 11(b) is in agreement with the
experimental observations (Pan and Leung, 2007). Consequently, the maximum axial stress of the FRP plate
increases with d1 as illustrated by Fig. 11(c). The upper limit of the maximum axial FRP stress should be given
by pure mode II loading because debonding is most diﬃcult to occur under mode II loading. Fig. 11(c) shows
that the applied load P needed to drive the debonding (and therefore refers to as debonding driving load there-
after) increases with debonding size d1 for the considered thickness of the FRP plate. This suggests that the
debonding propagation is stable, which is a desirable feature for practical applications. It should be pointed
out the above conclusion is based on the assumption that the ﬂexural–shear crack does not grow within the0
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Fig. 12. Eﬀect of the FRP thickness on debonding: (a) fracture energy; (b) maximum stress of the FRP plate; (c) debonding driving force.
J. Wang, C. Zhang / International Journal of Solids and Structures 45 (2008) 2916–2936 2933RC beam. If the crack grows to larger size, the debonding driving force decreases, which can lead to the unsta-
ble propagation of the debonding. Fig. 11(c) also shows that the slop of the P–d1 curves decreases with the
thickness of the FRP plate. It is possible that this slop becomes negative if the FRP plate is thick enough
(Wang, 2006b). In such a case, the debonding is unstable. It is surprising to ﬁnd that higher driving force
is needed for thinner FRP plate when the debonding size is big enough as shown in Fig. 11(c). In other words,
increasing the thickness of the FRP plate does not increase the debonding load P, which is contradictory to
our intuition. This is because we assume the ﬂexural–shear crack does not grow within the concrete beam. As
shown in Fig. 11(d), smaller force is transferred to the thinner FRP plate. As a result, the bending moment
applied to the concrete beam is higher and the chance for the crack to grow in the RC beam for thinner
FRP plate is higher. Once crack grows in the concrete beam, debonding driving force P can be reduced
signiﬁcantly.
Fig. 12 examines the eﬀect of the stiﬀness of the FRP plate on the FRP–concrete interface debonding. Dif-
ferent stiﬀness of the FRP plate is modeled by varying the thickness of the FRP plate. Fig. 12(a) shows that the
total fracture energy and its mode II component decrease with the thickness of the FRP plate; while the mode
I fracture energy increases. This is caused by the higher peeling interfacial stress induced by the stiﬀer FRP
plate. With increasing mode I component in debonding, the mode II component of the fracture energy reduces
accordingly. As a result, the load eﬃciency of the FRP plate reduces as well, as demonstrated by Fig. 12(b),
which shows that the maximum stress of the FRP plate decreases with the FRP thickness (Fig. 12(b)).
Fig. 12(c) shows that the debonding driving force P increases when d1 = 0.5 mm, and decreases slightly when
d1 = 5 mm with the FRP stiﬀness.
The eﬀects the angle (with respect to the axis of the concrete beam) of the ﬂexural–shear crack on the FRP–
concrete interface debonding are examined in Fig. 13. In this ﬁgure, the height of the crack is ﬁxed to be0
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maximum PF, which is the debonding force for ﬂexural crack (crack angle is 90). With the increase of
1/Kv, debonding driving force P decreases quickly because larger mode I load is induced to the left interface.
As a result, the load transferred to the FRP plate also decreases with 1/Kv, as shown in Fig. 13(b). It can be
observed that the peeling eﬀect induced by the ﬂexural–shear crack can reduce the debonding load and force
transferring capacity of the interface signiﬁcantly. This phenomenon can be explained by Fig. 13(c). This
ﬁgure shows more mode II fracture energy can be induced by smaller Kv. As a result, the mode II and total
fracture energy decreases accordingly because of debonding criterion Eq. (11). As shown in Fig. 13(d), the
phase angle of the debonding reduces monotonically with 1/Kv from 89.4 (mode II-dominant) to as low as
45 when Kv = 0.69  106. In this case, the debonding driving force P is as low as 20% of that of the ﬂexural
crack PF. This suggests that ﬂexural–shear crack induced debonding is much easier to initiate than the ﬂexural
crack induced one due to signiﬁcant peeling eﬀect caused by the ﬂexural–shear crack. This peeling eﬀect
decreases with the propagation of the debonding. As a result, both the debonding driving force P and
maximum load transferred to the FRP plate increases with debonding, as shown in Fig. 11.
It should be pointed out that existing studies treated the ﬂexural crack induced debonding as pure mode II
debonding (Wang, 2006b, Smith and Gravina, 2007; Liu et al., 2007) because the dowel eﬀect of the FRP plate
was ignored in these analysis. This study accounts for the dowel eﬀect by a transverse spring. Fig. 13(c) and (d)
suggest that the mode I component of the ﬂexural crack induced debonding is negligible compared with the
mode II component. However, both experimental study (Sebastian, 2001) and numerical analysis (Lu et al.,
2007) suggest that secondary inclined cracks can be generated near the key ﬂexural cracks in the concrete cover
by the high shear stress concentration near the tip of the ﬂexural crack. These secondary inclined cracks will
induce peeling eﬀect and the change the mode mixity of the interface debonding. As a result, the applied load
needed to initiate the debonding is reduced. The peeling eﬀect of the secondary inclined crack can also initiate
the debonding on the right interface.
5. Conclusion
In this study, a nonlinear fracture mechanics approach has been proposed to study the ﬂexural–shear crack
induced interface debonding of FRP strengthened concrete beams. Displacement jumps in both the axial and
transverse directions can be induced by a ﬂexural–shear crack at the location of the crack. Therefore, the ﬂex-
ural–shear crack induced debonding is in mixed-mode. A mode-independent traction-separation law is adopted
in this study to simulate the shear and peeling behavior of the FRP–concrete interface. Closed-form solutions of
the interfacial normal and shear stresses, and the axial force of the FRPplate are obtained for diﬀerent debonding
stages. The validationof thismodel is conﬁrmedby excellent agreements achievedby thepresent solutionwith the
numerical solution using ﬁnite element analysis. The peeling eﬀect induced by the transverse displacement jump
makes debonding much easier to initiate than in the case of ﬂexural cracks. However, numerical example shows
that this peeling eﬀect on debonding reduces with the debonding progression. The mixed-mode debonding even-
tually turns intomode II debonding if the debonding size is big enough.The eﬀects of the stiﬀness of theFRPplate
on the FRP–concrete interface debonding is also studied. It has been also found that the peeling eﬀect is more
pronounced when the stiﬀness of the FRP plate is higher. The present nonlinear fracture mechanics model pro-
vides an eﬀective and eﬃcient analysis tool for ﬂexural–shear crack induced debonding.
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